We introduce a piecewise P2-nonconforming quadrilateral finite element. First, we decompose a convex quadrilateral into the union of four triangles divided by its diagonals. Then the finite element space is defined by the set of all piecewise P2-polynomials that are quadratic in each triangle and continuously differentiable on the quadrilateral. The degrees of freedom (DOFs) are defined by the eight values at the two Gauss points on each of the four edges plus the value at the intersection of the diagonals. Due to the existence of one linear relation among the above DOFs, it turns out the DOFs are eight. Global basis functions are defined in three types: vertex-wise, edge-wise, and element-wise types. The corresponding dimensions are counted for both Dirichlet and Neumann types of elliptic problems. For second-order elliptic problems and the Stokes problem, the local and global interpolation operators are defined. Also error estimates of optimal order are given in both broken energy and L 2 (Ω) norms. The proposed element is also suitable to solve Stokes equations. The element is applied to approximate each component of velocity fields while the discontinuous P1-nonconforming quadrilateral element is adopted to approximate the pressure. An optimal error estimate in energy norm is derived. Numerical results are shown to confirm the optimality of the presented piecewise P2-nonconforming element on quadrilaterals.
Introduction
It has been well-known that the use of standard lowest order conforming elements in solving solid and fluid mechanics problems produces undesirable unstable numerical solutions [4, 5, 8, 13, 19, 32] . In order to avoid these numerical locking and checker-board solutions, engineers and scientists have developed and used alternatively higher-order conforming elements [35] , techniques to stabilize the finite element method by adding suitablemethods and the use of bubble functions in the Galerkin framework . In another direction, the nonconforming finite element methods successfully provide stable numerical solutions. See, for instance, [16, 17, 21, [28] [29] [30] 49] for Stokes and Navier-Stokes problems and [3, 9, 27, 38, 40, 43, 45, 57] for elasticity related problems, and the references therein.
In 1973, the nonconforming finite elements for triangles or tetrahedrons were introduced by Crouzeix and Raviart [21] . The idea, at least in the P 1 -nonconforming finite element case, is to employ the DOFs associated with the values at the midpoint of each edge of triangles in 2D or at the centroid of each face of tetrahedrons in 3D, by replacing those associated with the values at the vertices in the case of the conforming elements. These nonconforming elements were shown to provide stable finite element pairs for the Stokes problem and to give optimal orders of convergence [21] , where they together with the piecewise constant element are used to approximate the velocity and pressure fields, respectively.
Even though the triangular or tetrahedral meshes are popular to use, in many cases where the geometry of the problem has a quadrilateral nature, one wishes to use quadrilateral or hexahedral meshes with proper elements. In this direction, nonconforming elements based on quadrilaterals have been proposed by several mathematicians and engineers, including the Wilson element [42, 56] , which was analyzed by Shi [51] . Han [34] introduced a rectangular element with five local DOFs, Rannacher-Turek [49] presented the rotated Q 1 nonconforming element of four DOFs, which was modified by Cai-Douglas-Santos-Sheen-Ye [16, 17, 25] later. Park and Sheen presented the P 1 -nonconforming finite element on quadrilateral meshes which has the lowest DOFs [46] . A posteriori error estimates for simplicial and quadrilateral nonconforming element methods have been developed by Carstensen and Hu [18] . Recently, Altmann and Carstensen introduced the P 1 -nonconforming element for arbitrary triangulations into quadrilaterals and triangles of multiply connected domain [1] .
Higher degree nonconforming finite elements have been developed basically by using higher order polynomials on both triangular and quadrilateral meshes. A generalization to higher degree nonconforming elements requires the patch test [37] , which implies that a successful P k -nonconforming element needs to satisfy a jump condition such that on each interface the jump of polynomials between two adjacent elements should be orthogonal to P k−1 polynomials. This implies that a P 2 -nonconforming element, if exists, must be continuous at the two Gauss points on each edge. However, to define the DOFs at the Gauss points causes a trouble due to the existence of a quadratic polynomial which vanishes at the six Gauss points of edges of any triangle and that of a quadratic polynomial which vanishes at the eight Gauss points of edges of any rectangle. Therefore, a special attention is required to be paid when the DOFs for P 2 -nonconforming elements are defined. A successful P 2 -nonconforming element on triangles has been introduced by Fortin and Soulie [30] , which is equivalent to an enrichment of the P 2 -conforming element with a nonconforming element-wise bubble function. The three dimensional analogue has been introduced by Fortin [29] . Nonconforming elements based on quadrilaterals have been proposed by Sander and Beckers [50] and analyzed by Shi [52] . Later, Lee and Sheen [41] proposed a P 2 -nonconforming element on rectangles meshes, corresponding to the triangular Fortin-Soulie element. The finite element space proposed in [41] is locally P 2 ⊕ Span{x 2 y, xy 2 } is identical to the incomplete biquadratic element proposed by SanderBeckers [50] , but the DOFs are different: the DOFs defined in [50] are the four vertex values and the four edge midpoint values, while those in [41] are the eight values at the two Gauss points on each edge and the integral over the rectangle. However, this element cannot be generalized to the arbitrary quadrilateral meshes. Recently, Köster et al. [39] presented a higher degree nonconforming elements on arbitrary quadrilateral meshes using nonparametric basis functions and additional nonconforming cell bubble functions. Recently, the mimetic finite difference methods have been developed rapidly for general polygonal meshes; for instance, see [11, 14, [22] [23] [24] 33] , and the references therein. Especially, among the higher-order mimetic finite difference schemes constructed on quadrilateral meshes in [33] , the degrees of freedom for a quadratic element consist of one interior value and eight flux normals on edges, which is different from our element to be presented.
The purpose of this paper is to introduce a piecewise P 2 -nonconforming finite element on arbitrary convex quadrilateral meshes that passes the generalized patch test. Our finite element space is locally P 2 ⊕ Span{(
2 } with two ramp functions
, and + 24 defined in (2.3). Indeed, the space has been used as a bivariate spline space on quadrilateral [44, 55] . Our approach is to use this space as a composite finite element to solve second-order elliptic problems and the Stokes problem. For the Stokes problem, we will adopt a proposed piecewise P 2 -nonconforming element for the velocity, and piecewise P 1 -nonconforming element as in [46] , for the pressure. We define the DOFs as the eight values at the two Gauss points on each edge, and the value at the intersection of two diagonals of the quadrilateral. Indeed, the DOFs associated with the eight values at the Gauss points are linearly dependent and any seven of them are linearly independent. Thus the total DOFs are eight. Three types of local and global bases are defined. The first and second types of local and global bases are defined associated with vertices and edges. The last type of bases is defined by the value at the intersection of two diagonals. In this case, the basis function vanishes at all Gauss points on the edges, and thus this is essentially a bubble function. After defining local and global interpolations, we derive the optimal order error estimates for second-order elliptic problems and the Stokes problem in broken energy norm. In addition, an optimal order error estimate in L 2 (Ω)-norm is shown for elliptic problems. It turns out that our nonconforming finite element space is the union of the conforming piecewise P 2 and the bubble space, similarly to the P 2 -nonconforming simplicial element of Fortin and Soulie [30] .
The contents of the paper are as follows. In Section 2 the piecewise P 2 spline function space is analyzed and equipped with basis functions. In the following section the piecewise P 2 -nonconforming quadrilateral element is defined. The dimension and basis functions for the Dirichlet and Neumann problems are given. Then in Section 4, projection and interpolation operators are defined and convergence analysis is given. Also, the optimal order error estimates are shown in both discrete energy and L 2 norms for elliptic problems. In Section 5, the proposed element is applied to solve Stokes equations. An optimal order error estimate in broken energy norm for the Stokes equations is given. Finally, in Section 6, numerical results for the elliptic and Stokes problems are presented.
The piecewise P 2 spline function spaces on quadrilaterals
In this section, we first recall a bivariate spline space on a decomposed quadrilateral Q [44, 55] , which consists of a piecewise P 2 polynomial space. We analyze the structure of the space in detail and endow it with suitable DOFs. Local basis functions are constructed. We then define global basis functions.
Analysis of the piecewise P 2 spline function spaces
For a convex quadrilateral Q, denote by Q * the subdivision of Q by connecting its diagonals such that Q * is decomposed into the four non-overlapping triangles T j , j = 1, · · · , 4, as shown in Figure 1 . The space of multivariate spline functions S r k (Q * ) is defined by a set of functions which are piecewise polynomials of degree k possessing rth order continuous partial derivatives in Q, that is
where P k (T j ) denotes the space of polynomials of degree ≤ k on T j . Throughout the section, for a convex quadrilateral Q, designate by O the intersection point of two diagonals, by V j , j = 1, · · · , 4, the counterclockwisely numbered vertices of Q, by M j the midpoints of the segments V j−1 V j , by B j and l j the midpoints and lengths of the segments OV j , j = 1, · · · , 4, modulo 4, respectively, as shown in Figure 2 .
In the case of S 1 2 (Q * ), it is known [44, 55] that the dimension of S 1 2 (Q * ) is eight. We will recall this result and show that f ∈ S 1 2 (Q * ) is uniquely determined by eight values of f at the four vertices and four midpoints of edges of Q. Proof. Let 13 and 24 be the linear polynomials satisfying
Also define the two ramp functions Since Span{( 
Since ξ(B j ) = 0, for j = 1, · · · , 4, there exists a unique continuous piecewise linear polynomial
Since pξ and f belong to S 0 2 (Q * ) and their values coincide at the thirteen points O, V j , M j , B j , for j = 1, · · · , 4, in Q, one sees that f ≡ pξ.
Note that ∇ξ 1 and ∇ξ 2 are constant vectors perpendicular to the segments V 1 V 4 and V 1 V 2 , respectively. Hence it follows that p(V 1 ) = 0 due to ξ(V 1 ) = 0 and (∇ξ 2 − ∇ξ 1 )(V 1 ) = 0. A repetition of the argument on the other vertices of Q implies that 
. Then the following condition is sufficient and necessary for
g ∈ C 1 (T 1 ∪ T 2 ). D g (C A , C O ) − D g (C O , C B ) = D g (O A , O) − D g (O, O B ) = 1 2 D g (A, O) − D g (O, B) ,(2.
4)
where It is useful to notice that a univariate function p on the interval [a, b] satisfies
whenever p is quadratic. We utilize (2.6) to have 
By the same argument for g 2 , we establish
From (2.8) and (2.9), the conditions in (2.5) are equivalent to (2.4), which completes the proof. 
where the indices are calculated up to modulo 4.
The equation (2.10) implies that the value of a function f ∈ S 0 2 (Q * ) at the intersection of diagonals is uniquely determined by the function values at V j , M j , j = 1, · · · , 4. Equation (2.11) means that the values at the midpoints between the intersection of diagonals and the vertex points are determined by those at O, V j and
which implies (2.11) for f (B j ). In order to prove (2.10), we apply Lemma 2.2 again to the triangle
Eliminating f (B j−1 ) and f (B j+1 ) from (2.12) with the aid of (2.11), we establish (2.10).
.10) and (2.11). Then we will show
2 (Q * ) should satisfy (2.10), (2.11), we have
Then, in each subtriangle in Q * , f and g are quadratic and agree with the values at vertices and midpoints. This of course means f ≡ g, and thus f ∈ S 1 2 (Q * ).
We now investigate the relation of f ∈ S 1 2 (Q * ) on the values at the Gauss points of each edge in Q. Let G 2j−1 and G 2j be the Gauss points on the segments V j−1 V j , j = 1, · · · , 4, where the indices are counterclockwisely numbered as depicted in Figure 4 .
The following properties of univariate quadratic functions are useful: let p be a quadratic function and g j , j = 1, 2, the two Gauss points for the interval [a, b] such that g 1 < g 2 , then p satisfies that
We then have the following proposition.
Proposition 2.4.
For any f ∈ S 0 2 (Q * ), the following relationship holds:
(2.14)
is quadratic on each edge of Q, it follows from (2.13) that
The following proposition is immediate, but useful, which gives explicit formula at the Gauss points if the values at the vertices and midpoints are given.
Then the values at the Gauss points are given by
Proof. The proof is an easy consequence of (2.13) and Theorem 2.3.
Finally, the following theorem is a converse to the above Proposition 2.5 which describes the formula at the vertices and midpoints given the values at the Gauss points. Indeed, the coefficient of α is given by
Theorem 2.6. For any given real numbers
which is nonzero. Therefore, for given α ∈ R, by Theorem 2.3, there exists f ∈ S 1 2 (Q * ) which fulfills (2.18). Moreover, such an f ∈ S 1 2 (Q * ) satisfies f (O) = a 0 and we can easily verify f (G j ) = a j , j = 1, · · · , 8, using the values of f in (2.13) and (2.18).
To prove uniqueness, suppose that
Applying Theorem 2.3, we have
From f (O) = 0 it follows that c = 0. Thus f vanishes and this completes our proof.
Remark 2.7. Theorem 2.6 guarantees the existence of four vertex-based functions whose values are 1 at the two nearest Gauss points from each given vertex and 0 at the other six Gauss points and at the intersection point of diagonals. Similarly, we have four edge-based functions whose values are 1 at the two Gauss points for each given edge and 0 at the other six Gauss points and at the intersection point of diagonals. Lastly, there is one bubble-type function whose values are 1 at the intersection point of diagonals and 0 at all the Gauss points.
Basis functions for the piecewise P 2 spline function space
So far, we have analyzed the structure of a piecewise P 2 spline function space S 1 2 (Q * ), and supplied some suggestions for endowing it with suitable DOFs in Remark 2.7. Thus we proceed to define the eight local basis functions by using any seven values at the eight Gauss points plus one bubble function based on Theorem 2.6.
Define the four vertex-wise local basis functions (see Fig. 5a ) by
the four edge-wise local basis functions (see Fig. 5b ) by 20) and the bubble function (see Fig. 5c ) by 
The piecewise P 2 -nonconforming element on quadrilaterals
Based on the analysis of the previous section we are ready to define a piecewise P 2 -nonconforming quadrilateral element.
Define the piecewise P 2 -nonconforming quadrilateral element (Q, P Q , Σ Q ) as follows:
• Q is a convex quadrilateral;
• The (piecewise) polynomial space is given by
Alternatively, due to Proposition 2.5 and Theorem 2.6, the degrees of freedom may be defined as follows:
The piecewise P 2 -nonconforming finite element space
Let Ω be a simply connected polygonal domain with the Lipschitz-continuous boundary ∂Ω and
where N Q is the number of quadrilaterals. Let Q * j be the union of subdivision T j by connecting its diagonals. Then set T *
Let N V , N E and N G denote the number of vertices, edges and Gauss points, respectively, in T h . Set
the set of all Gauss points on the edges in T h , Our objective is to introduce a piecewise P 2 -nonconforming finite element space associated with the quadrilateral decomposition T h . Set
We also consider the piecewise P 2 -conforming spaces:
with the bubble space Φ h given as follows: For each vertex V j ∈ V h , denote by E h (j) and G h (j) the set of all edges E ∈ E h with one of the endpoints being V j and the set of Gauss points nearer to V j of the two Gauss points on E for all E ∈ E h (j), respectively. Utilizing the three types of local basis functions given in (2.19), (2.20) , and (2.21), we define the three types of global basis functions for N C h 2 . Definition 3.1. The first type of global basis functions are associated with vertices V j ∈ V h (see Fig. 6a ).
Global basis functions for
The second type of global basis functions are associated with edges E j ∈ E h (see Fig. 6b ). Define ϕ The last type of global basis functions are associated with the quadrilaterals (see Fig. 6c ). Define ϕ
Similarly, define the three types of functions which will serve as global basis functions for N C . We begin by invoking that X h is a conforming finite element space whose local DOFs consist of the values at the four vertices and four midpoints on each quadrilateral by Proposition 2.1. We have the following observation which is similar to the quadratic nonconforming element on triangles of Fortin and Soulie [30] . 
Proof. It is clear that
Q on each Q preserves the continuity at the Gauss points. To prove equality we consider the dimensions of X h + Φ h and N C h 2 . First, we prove that the intersection of X h and Φ h is one-dimensional. Let us choose the function φ h ∈ X h ∩ Φ h with φ h (V j ) = α for some j and φ h (G k ) = 0 for all k. Since φ h has the same value (zero value) at all Gauss points and φ h ∈ S 1 2 (Q * ), one sees that φ h (V k ) = α for all k due to (2.13). This gives the whole information on each edge including the midpoint values due to Theorem 2.3. Therefore, with the eight function values at four vertices and four midpoints, φ h ∈ X h ∩ Φ h is uniquely determined by the constant value at V j . By [41] and
For X h there are N E + N V DOFs and for Φ h there are N Q DOFs. Thus, the number of DOFs of
This completes the proof. 
i = E, V, Q be the functions defined in Definition 3.1. Either by omitting any one of vertex-based functions or any one of edge-based functions,
B 1 = ϕ E 1 , ϕ E 2 , · · · , ϕ E NE , ϕ V 1 , ϕ V 2 , · · · , ϕ V NV −1 , ϕ Q 1 , ϕ Q 2 , · · · , ϕ Q NQ or B 2 = ϕ E 1 , ϕ E 2 , · · · , ϕ E NE −1 , ϕ V 1 , ϕ V 2 , · · · , ϕ V NV , ϕ Q 1 , ϕ Q 2 , · · · , ϕ Q NQ
forms a set of global basis functions for
Proof. The proof of linear independence for the set B 1 comes from a similar procedure as Theorem 2.6 in [41] . Indeed, if the linear combination for all vectors in B 1 is zero, then the coefficients, say c 
Assume that there is a nontrivial function φ h ∈ X 0,h ∩ Φ h and apply the same argument as in the proof of Theorem 3.2. Then one sees that φ h is identically zero in the whole domain Ω owing to the boundary condition. This contradicts to the assumption that φ h ∈ X 0,h ∩ Φ h is nontrivial. Therefore, X 0,h ∩ Φ h = {0}. Thus, in order to prove the equality 
The error estimates for elliptic problem
In this section, we define some linear and interpolation operators and perform convergence analysis for elliptic problems with Robin boundary condition. Throughout the section, for an open bounded set S ⊂ R 2 with its boundary ∂S, we will denote by (·, ·) S and ·, · ∂S the L 2 (S) and L 2 (∂S) inner products, respectively. If S = Ω, these may be omitted from indices. For Sobolev spaces H k (S), their norms · H k (S) and seminorm | · | H k (S) are used.
Some linear and interpolation operators
Denote by γ 0 and γ 1 the trace maps from
where P 1 (E) denotes the set of linear functions on the edge E. Denoting by
where v j = v| Qj and ν j denotes the unit outward normal to Q j . Then, from the standard polynomial approximation result we have
Denote E jk = ∂Q j ∩ ∂Q k for all Q j , Q k ∈ T h whenever the intersection is nonempty. Since v j − v k has zero values at the Gauss points on E jk for all v ∈ N C h 2 and the two points Gauss quadrature rule is exact up to polynomials of degree three, the following useful orthogonality holds. 
Furthermore, employing the following notation
which is a subset of Λ h , designate by Π
) and w h coincide at the two Gauss points on E for every edge E in T h for all w h ∈ N C h 2 . Then we have
The following orthogonality is also valid.
Proposition 4.2. If u ∈ H 3/2 (Ω), then the following orthogonality holds:
where ν E denotes the unit outward normal to ∂Q.
Let Q be a quadrilateral in T h and Π Q be a conforming interpolation operator
so that the real number α Q is chosen such that
where O Q denotes the intersection point of the two diagonals in Q. In other words, the interpolant Π Q φ is a perturbation of Π Q φ by a bubble function φ Q . The global interpolation operator Π h :
Denote by · m,h and | · | m,h the usual mesh-dependent norm and seminorm:
, it follows from the Bramble-Hilbert lemma [7, 19 ] that
A Robin boundary value problem
We consider the following second-order elliptic problem with Robin boundary condition:
. The weak problem of (4.10) is then to find u ∈ H 1 (Ω) such that
where the bilinear form a(·, ·) :
Also, the piecewise P 2 -nonconforming finite element method is to find a solution
where
Since N C h 2 contains the conforming space X h , we have the following orthogonality result:
The error estimates
To show an optimal order of convergence results, we first recall the well-known second Strang's lemma [53, 54] .
2 be the solutions of (4.11) and (4.12), respectively. Then, one has
Assume sufficient regularity such that u ∈ H 3 (Ω). Due to (4.9), the first term in the right side of (4.14) is bounded by
In order to bound the second term of the right side of (4.15) which denotes the consistency error, integrate by parts elementwise so that 16) where ν Q designates the unit outward normal vector to ∂Q. We have the following lemma, which plays an important role in the analysis of nonconforming methods.
. Then we have the following estimate, for all w
Proof. First, owing to (4.3), we have
Next, by using (4.5), (4.1), the trace theorem, and (4.2), it follows from (4.17) that
This proves the lemma.
Owing to Lemma 4.4 applied to (4.16), the consistency term is bounded as follows:
A combination of (4.15) and (4.18) leads to a discrete H 1 -norm error estimate, summarized in the following theorem.
Theorem 4.5. Let u ∈ H
s+1 (Ω), 1 < s ≤ 2, and u h ∈ N C h 2 be the solutions of (4.11) and (4.12), respectively. Then we have
Next, in order to derive an L 2 -error estimate, we use the Aubin-Nitsche duality argument [41] . Set e h = u − u h and let η ∈ H 2 (Ω) be the solution of the dual problem:
with the elliptic regularity:
Let w h ∈ L 2 (Ω) be arbitrary such that
Then, by a similar argument as in the previous consistency error estimate, we have
In particular, with the choice w h = e h ,
Let η h be the conforming interpolant of η to N C h 2 as in (4.6). Then, from (4.13), we get the orthogonality:
Now, from (4.19)-(4.21) and Theorem 4.5 it follows that
Summarizing the above, we have the following L 2 -error estimate:
, and u h ∈ N C h 2 be the solutions of (4.11) and (4.12), respectively. Then we have
The error estimates for the Stokes problem
In this section, we will apply the proposed piecewise P 2 -nonconforming element for the approximation of each component of velocity and the piecewise P 1 -nonconforming element for the pressure to solve the Stokes problem. We will derive an optimal order error estimate in broken energy norm.
The Stokes problem
Consider the following stationary Stokes equations:
where u = (u 1 , u 2 ) T represents the velocity vector, p the pressure, f = (f 1 , f 2 ) T the body force, and μ > 0 denotes the viscosity. As usual set
and consider the variational formulation of (5.1) to seek a pair (u,
where the bilinear forms are defined by
Assume that the domain is sufficiently smooth so that the solution of (5.2) is H s (Ω)-regular for 1 < s ≤ 2. In other words, for any f ∈ [H s−2 (Ω)] 2 , the Stokes problem has a unique solution
satisfying the following a priori estimate:
where C is a constant independent of the f .
and by W h designate the space of piecewise P 1 -nonconforming quadrilateral element [46] :
Then, the nonconforming method is to find (
The linear maps and interpolation operators
The linear maps and interpolation operators defined for elliptic problems are extended componentwise to the vector-valued case, and will be used to analyze convergence of the nonconforming solutions.
Let
2 be defined such that their components are defined by P 
It then follows from the standard polynomial approximation result that
The following lemma will be useful. 
where P 0 E is the componentwise extension of P 0 E to vectors. Hence, the proof is complete.
We defined the interpolation operator Π h for the elliptic problems in Section 4. In this subsection, we also introduce the interpolation operator Π h so that it satisfies the hypothesis H.1 of Crouzeix and Raviart [21] , that is
Now, we consider the interpolation operator Π Q in two steps. We first define for
where Π Q v i is defined by relations (4.6). We thereafter define 
The global interpolation operator Π h : [H 2 (Ω)] 2 → V h is then extended by using Π Q . The analogue of (4.9) holds:
(5.12)
The inf-sup condition and error estimates
It is well-known that the bilinear form b(·, ·) satisfies the continuous inf-sup condition, i.e., there exists a positive constant β such that
The argument in references [13, 17, 21] proves that the bilinear form b h (·, ·) satisfies a discrete inf-sup condition on the pair of the finite element space
Moreover, in this subsection, we introduce the optimal-order error estimates in the (broken) energy-norm for the velocity and the L 2 -norm for the pressure. The energy-norm error analysis in the velocity is based on (5.2) and (5.4), and then an application of the discrete inf-sup condition (5.13) estimate results in the error estimate of the pressure. 
Proof. For v h ∈ V h , if follows from (5.2) and (5.4) that
Dividing both sides of (5.15)
By using the triangle inequality and (5.16), we see that
which proves (5.14a). Next, for v h ∈ V h and q h ∈ W h , from the discrete variational formulation (5.4), we get
It thus follows from the above equality that
By using the triangle inequality, we have
From the discrete the inf-sup condition (5.13), we have
Then, a combination of the above inequalities (5.21)-(5.23) and result of (5.14a) leads to (5.14c). 
Proof. Multiply (5.1) by v h ∈ V h , and integrating by parts on each element, we see that
By using the Lemma 5.1, we get 25) where C 1 is constant. From (5.25) and Lemma 5.2, we obtain
We choose
. By using (5.6) and (5.12), we can have the estimates (5.24) . This completes the proof of the theorem.
Numerical results
In this section, we describe our numerical algorithms and their applications to the Robin, Neumann, and Dirichlet elliptic problems by using the proposed piecewise P 2 -nonconforming finite element. In addition, we illustrate our numerical algorithms and their applications to the Stokes problem. 
Numerical implementation
Let Ω be a unit square. In order to generate a quadrilateral mesh, we first generate a uniform quadrilateral mesh, and then perturb it randomly for each vertex (see Fig. 7 ). We solve the discrete bilinear forms for the Robin, Neumann, and Dirichlet boundary problems and the stationary Stokes problem. In order to check error decay behavior precisely, our numerical integration to calculate the discretized weak form (4.12) adopts a 24-point quadrature rule for each quadrilateral [20] . In our implementation, it is necessary to physically construct the four subtriangles of each quadrilateral. Indeed, each quadrilateral Q is first decomposed into four triangles by its diagonals 13 and 24 as shown in Figure 1 . Then for each triangle, we choose the quadrature rule based on six barycentric points which are exact upto polynomials of degree four. If, instead, we use simply the four point or the nine point Gauss quadrature rule on each quadrilateral, we are not able to get sufficiently precise point values in numerical integration that contain the polynomials ( 
Numerical examples for elliptic problems
In this subsection, we illustrate three numerical examples of elliptic problem. After assembling the mass and stiffness matrices, one arrives at the linear system Ax = b where A is a symmetric, positive definite matrix. The linear system is solved by the CG (Conjugate Gradient) method with initial guess x 0 = 0.0 and tolerance = 10 −10 .
First, consider the Robin problem:
where Ω = (0, 1) 2 . The source terms f and g are generated from the exact solution u(x, y) = cos(2πx) cos(2πy) x 3 − y 4 + x 2 y 3 . Table 1 shows the numerical results on the quadrilateral meshes using the proposed piecewise P 2 -nonconforming finite element, where the error reduction ratios in L 2 and energy norms are optimal. The generated quadrilateral mesh for 16 × 16 case is shown in Figure 7 .
As a second example, consider the Neumann problem:
where Ω = (0, 1) 2 . The source terms f and g are generated from the same exact solution used in Robin problem. Table 2 shows the numerical results on the meshes using the proposed piecewise P 2 -nonconforming finite element. Figure 7 . The generated quadrilateral mesh for 16 × 16 case.
Finally, we consider the following Dirichlet problem:
where Ω = (0, 1) 2 . The source term f is calculated from the exact solution u(x, y) = sin(2πx) sin 2πy)(x 3 − y 4 + x 2 y 3 . Table 3 shows the numerical results on the quadrilateral meshes using the proposed piecewise P 2 -nonconforming finite element. The error reduction ratios in L 2 and energy norm are optimal. 
Numerical examples for the Stokes problem
In this subsection, we present an example in the two dimensional Stokes problem to illustrate the validity of the theoretical results obtained in the previous section.
The velocity and pressure variables are approximated by using randomly generated quadrilateral meshes.
First, the exact solution for u, which is divergence-free, is given by ∇ × ψ, where
with the exact solution for p given by − sin(2πx) sin(2πy).
Then the body force term f can be generated by −Δu + ∇p. The numerical results are presented in Table 4 in terms of the H 1 -norm and L 2 -norm convergence rates. Also, in this table, DOFs mean the number of degrees of freedom for the velocity and pressure. In our case, DOFs are explicitly given by 2N 
Conclusions
In this paper, we have developed a piecewise P 2 -nonconforming finite element method that can be used on genuinely quadrilateral meshes. We provide rigorous mathematical analysis about the DOFs and error estimates. We have confirmed that our numerical results match very well with theoretical results in the elliptic and Stokes problems. In addition, our proposed method can be extended further for other problems, such as the NavierStokes and elasticity problems. An extension to three dimensions is our on-going project.
